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1. Introduction 

A single M5-brane is described at low-energies by a free tensor multiplet with Af = (2,0) 
super symmetry. An extension of the free tensor multiplet to an interacting theory has 
been suggested in [1] and [2, 3]. It was motivated by the string-theory realization [4, 5] 
of gauge theories on a noncommutative R 4 . This conjectured 5+1D theory breaks 
Lorenz invariance explicitly. It is assumed to depend on a constant anti-self-dual 3- 
form parameter 0* jfc of dimension Mass -3 . At low-energies the theory reduces to the 
free tensor multiplet. 

In [6] a consistent limit of the M5-brane with a strong 3-form field-strength was 
presented and it was suggested that at low-energies this limit describes a decoupled 
"noncommutative" (2, 0)-theory. 

Recently, the theory has been re-incarnated in OM-theory [7]. There, a limit with 
a critical time-like component, H 0i2 , was studied and was argued to yield a decoupled 
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theory. At low-energies it reduces to a free tensor multiplet. Presumably, this is the 
"noncommutative" (2, 0) theory with nonzero O 345 = O 012 . In [7], time-like noncommu- 
tativity, critical electric fields and space-like noncommutativity are related in a unified 
structure. (See also [8]- [21] for related results.) The theory of [1, 2, 3] is a decoupled 
sector of a special case of OM-theory, for which Q ljk is light-like (see [21] for a nice 
discussion). 

The action of a U(l) gauge-theory on a noncommutative R 4 , can be expanded 
as the free action plus terms that are of higher order (in the noncommutativity) and 
depend only on the field-strength Fij and its derivatives [6]. Similarly, the equations 
of motion of the noncommutative 5+1D theory can, presumably, be expanded in Q^ k . 
We will derive the leading terms in section (2). 

One of the exciting features about this interacting theory is that it has a conjectured 
M(atrix)-model [22] that is described in terms of a quantum mechanics on a nonsingular 
space [1, 2, 3]. 

The simplest nontrivial sector of this M(atrix)-model is the sector with longitudinal, 
light-cone, momentum of p\\ = 2/R\\, where R\\ is the radius of the light-like direction. It 
describes the scattering of two massless particles, corresponding to the tensor multiplet, 
each with longitudinal, light-cone, momentum of pu = 1/R\\- This is similar to the 
calculations of scattering of gravitons and their supersymmetric partners [23, 24, 25] in 
the M(atrix)-model of 10+1D M-theory. The M(atrix)-model for the noncommutative 
tensor multiplet with p\\ = 2/R\\ is described by quantum- mechanics on a blown-up 
Ax-singularity. In this paper we will study this quantum-mechanics and calculate the 
low-energy scattering, in the quantum-mechanics. 

The paper is organized as follows. In section (2) we describe the leading order 
low-energy limit of the noncommutative M5-brane theory. That is our motivation 
for studying the quantum-mechanics on a blown-up A\ singularity. In section (3) 
we describe in details the Quantum Mechanics on the blown-up A\ singularity. In 
subsection (3.3) we calculate the s-wave scattering amplitude on the A\ singularity. 
In the appendix, we present the calculation for scattering of two scalar particles in 
field-theory, up to order O(0) 2 . 

2. Motivation: noncommutative M5-brane 

One motivation for studying the QM on the blown-up Ai-singularity is that it is the 
M(atrix)-model for the noncommutative deformation of a free 5+1D tensor- multiplet. 
We will now describe this theory at lowest order in the "noncommutativity." 
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2.1 Free M5-brane 

A single M5-brane is described, at low-energies, by a free tensor multiplet of M = (2,0) 
super symmetry. The bosonic fields are 5 free scalars, (ft 1 (I = 1 ... 5) and a 3-form 
tensor field-strength with equations of motion: 



Hijk — —-£ijklmnH lmU , d[iH ijk } — 0. 



1 

6 

Here, indices are lowered and raised with the metric: 

i] mn dx m dx n = —dxl + dx\ + dx\ + dx\ + dx\ + dx\, 

and the anti-symmetric e-symbol is normalized such that: €012345 = +1- In particular, 
we have: H m2 = H 345 . The notation [ij . . . k] means complete anti-symmetrization. 
Thus: ^ 

T[ii...i„] = ~~j ( — ) ^i CT (i)...V(„)- 

The normalization is such that on 3-cycles: 

J Hij k dxidxjdxk G 27rZ. 
Later on, we will need the propagator: 

(H ijk (x)H lmn (v)) = J ^e ip{x - y) G ijk . Mn {p). (2.1) 

We calculate it by adding a self-dual part to and writing it as H^ k = Zd^B^ with 
the action (See for instance [26] for details): 



!4tt J J 



24tt 

We then keep only the anti-self-dual part of the propagator. The result is: 

G ijk -lmnip) = -j-^T VrlVsmVtn (p[iP [V 8*5^ - ^€ ijk a[st p r] 

+ ^ (tijklmn ~ S^SjSqVlrVmsVnt) • (2.2) 

2.2 The interacting theory 

The interacting theory is described by interactions L int (Q) that depend on a constant 
ant i- self- dual 3-form Q tjk . It satisfies: 



ft — — — c r\lmn 
w ij7c g tij k i mn \J 
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L int involves the fields (p 1 , the fermions and their derivatives. 

To first order in 6, the interactions can be described by a self-dual dimension-9 
operator, Oij k) in the free theory. The interaction is 5L = Q' ljk Oij k . 

The bosonic part of the interaction turns out to be: 

5L = -L-Q^H l3l H mnl H mnk + -^H^d^d^ 1 + O(0) 2 . (2.3) 

Here, H should not be confused with the critical asymptotic value of the tensor field- 
strength on the M5-brane in the construction of the theory from M-theory. The field 
H is fluctuating and is assumed to go to zero at infinity. 

At order 0(6) 2 , the scalar fields have a quartic interaction: 

-^ lm Q iik Q lmn d i &d j Q J d l &d m &. (2.4) 

These terms can be determined by dimensional reduction, as we will now explain. 

2.3 Dimensional reduction to 4+1D 

If we compactify on S 1 of circumference 2ttR, the dimensional reduction to 4+1D 
proceeds according to: 

F^v — 2-kRH ixi/5 , e^ = Q^\ g 2 = 4ir 2 R, / = (2tt) 3 /W. 

To first order in 9, the 4+1D action is [27, 13]: 

W = 2^*W + ^ V 

+ ^9^F ua F^F TU - ±- 2 9^F av F^F aT + ^F^d^d^ 1 - F uv d^ 1 d^ 1 . 

Assuming that supersymmetry protects the leading interactions from loop-corrections, 
we can obtain (2.3)-(2.4) by requiring that dimensional reduction should produce the 
latter corrections in 4+1D SYM. 

3. Quantum-Mechanics on a blown-up A\ singularity 

In this section we will describe in detail the quantum mechanics on the target space 
- the blown up Ax-singularity. The quantum mechanics has M = 8 supersymmetry 
and this is related to the hyper-Kahler structure on the target space. For a generic 
description of QM on hyper-Kahler manifolds, see [28] . 
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3.1 The geometry 

The M(atrix)-model of k coincident M5-branes in the sector with longitudinal momen- 
tum p|| — N is postulated [1, 2, 3] to be described by Quantum Mechanics on the 
manifold M.Nk defined by 



[x, xt] + [y, yt] + &z - 

[X, Y] + Z*W 



eid 



NxN 







/U(N) 



(3.1) 



where the group U (N) acts on the NxN complex matrices X and Y and on the k x N 
complex matrices Z and W in the natural way. For any N and k, the trace of matrices 
X and Y is a flat four-dimentional space R 4 and so we can write M.n,u — R- x M-N,k- 
This flat four-dimensional part corresponds to the center-of-mass coordinates. We study 
a single M5-brane, k — 1, and N = 2. The manifold _A/fjv=2,fc=i = At is the blown- 
up A 1 singularity. It must be the same as M.N=i,k=2, as can be confirmed explicitly. 
The metric is easier to obtain in the second case, for k = 2, N = 1, when M. can be 
embedded in C 4 as 



Tr (AAvi) = C 2 Sf 



A ~ e ie A 



(3.2) 



where A is a 2 x 2 complex matrix and <7j are the Pauli matrices. 

These conditions (ignoring the U(l) quotient for now) can be satisfied by parametriz- 
ing A as follows 



. / coshr 
A = V'S{ o sinhr. 



(3.3) 



where g is an arbitrary element of SU(2), and £, r and e are real. The induced metric 
on this five- (real) dimensional manifold is given by 



Tr (dAUA) 



= cosh(2r) 
+ cosh(2r) 



dr 2 + \^{d9 ] dg) 



+ 



cosh(2r) 



;io)^j 



de+ (lO)rfgU 
cosh(2r) \0y 



(3.4) 



To obtain the U(l) quotient, we must choose a function e(r,g) such that the distance 
between (r, g, e(r, #)) and (r + dr, g + dg, e(r+dr, g + dg)) is minimized. This corresponds 
to choosing e(r, g) in such a way that the last term in the above equation vanishes. Thus, 
the metric on Ai is simply 



ds 2 



M 



= cosh(2r) 



dr 2 + -Tr(dgUg) 



+ 



cosh(2r) 



(10)d^| 



(3.5) 
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It is apparent from equation (3.2) that M. is invariant under SU(2) acting on A on 
the left and under U(l) acting on the right, g can be parametrized by three angles 9, 
and a in such a way as to make these symmetries explicit 

_ f cos(9/2)e i{a ~^/ 2 -sin(^/2)e i (- Q ^)/ 2 \ 
9 ~ \sm{9/2)e^ a+ ^/ 2 cos(9 /2)e^ a+ ^ 2 ) { * 

9 runs from to ir, and <fi and a run from to 2n. Under this parametrization we find 
that the metric becomes 

ds 2 = e jcosh(2r)aV 2 + C ° sh(2r) (rffl 2 + sin 2 9d<p 2 ) + ^ ~ l {da - cos^0) 2 ) 

[ 4r 4r COSlll Z/T' ) I 

(3.7) 

It will be convenient to make the change of variables cosh(2r) = R 2 (R runs from 1 to 

oo) 

ds 2 = £ 2 {- F !?-—dR 2 + ^-{d9 2 + sin 2 #d0 2 ) + ^-^(da - cos#d0) 2 ) (3.8) 
[ R 4 — 1 4 4R 2 j 

It is apparent that, for large R, M. approaches flat space, namely R 4 /Z 2 . This is the 
metric for the blown-up A 1 singularity. 

For later reference, let us here record that the scalar Laplacian is 



4 

+ R 2 



1 „ , „„ , 1 



. do (sm9d e ) + (d\ + d 2 a + 2cos0fyd Q ) 



+ i? 2 (i? 4 -i) 9 4 3 ' 9) 



and that it is fully separable. 

It is known that the manifold M. is a hyper-Kahler manifold, a fact crucial to the 
existence of M = 8 supersymmetric QM. An explicit hyper-Kahler structure for M will 
now be given. 

The following coordinates 

a = (R A - 1) 1/4 sin 9 - exp Q(a + 0)) b = (i? 4 - lf' A cos ^ exp Q(a - 0)) 

(3.10) 

are good complex coordinates for M.. In these coordinates, the metric is 

(aa + bb) 3 + bb 



9aa 9aa 



9bb — 9bb — 



(aa + bb) 2 ^f(aa + bb) 2 + 1 

(aa + 6o) 3 + aa 
(aa + 66) 2 v /(aa + 6o) 2 + 1 
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dab — 9ba — 



9ba — 9ab 



ab 

{aa + bb) 2 ^(aa + bb) 2 + 1 
ah 



(3.11) 



(aa + bb) 2 ^(aa + bb) 2 + 1 
which is clearly Hermitian and easily confirmed to be Kahler, with a Kahler potential 

X - tan~ l X where X = J \aa + bb) 2 + 1 



(3.12) 



Also, the determinant is 51 = 1, so M is Ricci-flat, since = — didj In det(g). The 
Kahler form, f2 1; is as usual (^i)jj = — (^i)ji = i^j- We have 2 more Kahler forms Q 2 
and Q 3 , satisfying the hyper-Kahler condition g a ^(Q a ) a(3 (Q b ) 7 s = t abc (Vt c ) p5 + 8 ah g p5 , 
where a = Explicitly, these are (written in the complex coordinates (a, b, a, b)) 



(^2)^ 



/ % \ 

-i 

-i 

V i J 



/ 1 

-1 



V 











1 



(3.13) 



(3.14) 



Later, we will need a complex structure defined as usual by 
3.2 Quantization 

The construction of the M = 8 supersymmetric algebra and its representation in a 
coordinate basis presented in this section is general to any 2- (complex) dimensional 
hyper-Kahler manifold. We will first construct the J\f = 4 supersymmetric quantum al- 
gebra, following a procedure similar to that in [29], and then extent the supersymmetry 
to M = 8. 

The Lagrangian is obtained by dimensionally reducing the d=4, M = 1 chiral su- 
pergravity Lagrangian in flat space [30]. Since after dimensional reduction the original 
SO(3,l) spinor indices loose their meaning, we will use SU(2) spinors, making no dis- 
tinction between dotted and undotted spinor indices. Writing SU(2) spinors on the 
right and SO(3,l) spinors on the left (using the spinor conventions in [30]) we define 



x a = x a 



X — Xa 



<J°™Xa 



(3.15) 



The spinor products can be defined in our conventions as 

^ x = e^V = rXa ^X = e«/#V = rx a ^X = = (3.16) 
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Notice that this implies that (x a Y — Xa and (XaY = ~X a which in turn gives 

{x4>) ] = -X0 (X0) f = -x<i> ix4>) ] = X<P (3-17) 

Finally, following [30], e 12 = -e 12 = 1. 

In this notation, the dimensionally reduced Lagrangian is 

1 

I, j- - - '!J,j \ [J-^i \ > - ^HjklK 



£ = gfjz'? - ig l3 x j {DtX l ) ~ ^Rfjkiix'x^X 1 ) 



~ - -^ J (AX ! ) + ^.jiAflx 1 - ^KxVX^x') (3-18) 

where -DtX* = X + F l ab x a z b and the two forms of the Lagrangian differ only by a total 
time derivative. We will use the second form, which is real. 
The conjugate momenta are 

^£ ^ i _-, k 

Pi =d~i= 9*3 z - ipmx'x 
p-j = f§ = + \ d m^x l 

dC i 

"J* = = +2«a ( 3 - 19 ) 

And their canonical Poisson brackets are 

{z k ,Pi}=Sl {z J ,Pi}=Sj 

{X ta , TTj^} = -4^ {x 7 °, %} = ^ (3.20) 
This system possesses fermionic constraints of the second kind 

€ = < + \mX i<X = 0J Q = Tfja - = (3.21) 

whose Poisson bracket is 

{</>?,$]{>} = -i9ij8p (3-22) 
Following standard procedure [31], we define the Dirac brackets 

{ o,o }l) . { o,o } - Mnj -L_ {hl) , o] _ {o ,fc, } __L_ W , o} (3.23) 

Canonical quantization proceeds by substituting {o,o} D — > — i[o,o] or — i{o,o}, as 
appropriate. Evaluating the Dirac brackets for all quantities, we obtain the following 
algebra 

\z\ P t ] = i5} [z\ F)] = id) { X ia , xU = 9% (3.24) 
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The commutators of Zi and Zj with the fermions x %a an d X j/3 vanish. Define 

K t = l -d k g i3 x ] % K 3 = - l -d m x W X l p (3.25) 

The commutation relationships of P k and Pj alone are not as relevant to what will 
follow as the commutation relationships involving P + K and P + K. With some work, 
it can be shown that 

[(P + K) k ,x ia ] =iT\ a x aa l(P + K) k ,x ]a ] =0 

[(P + K) h X ia \ =0 [(P + K) h x ja \ = iTlx ba (3.26) 

and that 

[(P + K)i,(P + K) k ] = [(P + K) h (P + K)H = [(P + K^iP + K)^ = -R fja ix a X b 

(3.27) 

The (classical) Hamiltonian obtained by a standard procedure is 

H = g*(P + K) t {P + K)j + \R l]a - b ( X l X a )(xh l ) (3.28) 

Since R a i = g l ^Rfj a i = 0, there are no ordering ambiguities and thus (3.28) can be 
simply taken to be the quantum Hamiltonian. A very important cyclic identity for the 
fermionic coordinates is that 

X a (i><f>) + r((Px) + <p a M) = (3.29) 

This identity must be used with care for the quantum fermionic coordinates, since they 
have non-trivial anti-commutation relationships. Nevertheless, the Hamiltonian can be 
rewritten as 

H = g*(p + KUp + K) 3 - -% a5 (x¥)(x¥) (3.30) 
The (classical) supersymmetry transformations are given in [30] 

5^ = & hx ia = - r jk (tx J )x ka (3.31) 

With some work, the Noether current can be calculated for the real form of the La- 
grangian (3.18) to be 

J si s)' = !l„i J C\' - U.ji'Cv 1 (3.32) 

The minus sign is related to the minus sign in equation (3.17). Defining the SUSY 
generators through Jsusy = Q a ^a + Qa£, a we obtain that 

Q a = u,r- J \' n = (P + K) lX ia Q a = n.r-'Cv 1 = (P + K)- jX i (3.33) 
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There are no ordering ambiguities when interpreting these as quantum operators. 

It is now a matter of another careful computation to confirm that the Q's satisfy 
the SUSY algebra 

{Q a , Q 13 } = {Q«, Qp} = {Q a , Op} = 6%H (3.34) 

We must represent this algebra in a coordinate basis. There are 4 fermionic coor- 
dinates and thus the Hilbert space can be written as a 2 4 = 16-dimensional vector of 
complex functions of z and z. Equation (3.24) suggests that we associate Pi with — i<9; 
and Pj with —idj. Naively, this would disagree with (3.26) and (3.27). We need to pay 
attention to how these partial derivatives act on the fermionic basis. 

Let us begin by noticing that 

l(P + K)k, xf] = l(P + K)k, X ]a ] = { X f , xj} = m ( 3 - 35 ) 

and 

[(P + K) h X ia ] = [(P + K) h x?] = { X ia , Xkp) = 5\5 a p (3.36) 

Define | \) by x@\ i) = Xip\ 1) = 0- ^ is consistent with all commutation relationships 
to write that (P + K)i\f(z,z)\ |)] = (-td t f(z, z))\ |) and (P + K) 3 \f(z,z)\ |)] = 
—idjf(z, z) \ I) /,From the no-fermions state 1 1) we can construct the one-fermion state 

in two ways: using x %a or X] ■ Let \x %a ) = X %a \ I) an d \xf) = X] I I) = fi^jX"*! I)- It 
can be then checked by an explicit calculation that the following is consistent with all 
commutation relationships 

(P + KUfl(z,z)\xf)} = Hdjl(z,z))\xf) 
(P + K) 3 [f ia {zrz)\x ia )] = (-tdjf^mxn (3.37) 

Thus, one should think of 1 1) as being independent of both z and z, of x %a an( i X? as 
being holomorphic functions and xf an d X^ a as being antiholomorphic functions. 

We can continue this procedure by defining two, three and four-fermion states \xx)i 
\xxx) an( i \XXXX)> an d checking each time that the commutation relationships work. 
The computation is made easier if one notices that the four-fermion state \xXXX) is the 
same as | f) defined by Xj I T) = X %(i \ T) — an d that \xxx) can be written as \x) = X I T) - 
With this explicit construction, we can write the energy eigenvalue equation H\) = E\) 
as a differential equation. Notice that H commutes with the fermion number operator 
X % Xi an d so we can write different differential equations for each fermion number. For 
the no-fermions state, /| I), H\) = E\) can be written as 

-g^d i d ] f(z,z) = Ef(z,z) (3.38) 
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For the one-fermion states, fi a (z, z) \x ia ), the equation is 

-9 kd d k djf ia + g kl T a lk d- 3 f aa = Ef ia (3.39) 

And, finally, for the two-fermion states, f nrnct p{z, z)\x na X m ^) ^ we obtain 

-g kj d k djf nmaf 3 + g kj (T a ak dj f amaf3 + T^dj f naaf3 ) - R n b m d9 ab g cd fac a f3 = Ef nmaf3 (3.40) 

The equations for three- and four-fermion states can be obtained by analogy to (3.39) 
and (3.38). 

Given the tensor J defined in equation (3.14), we obtain four more supersymmetry 
generators 

S* = (p + K) 3 j\ X ia S a = (P+ K),J : lV ' (3.41) 

These can be confirmed to satisfy Af = 8 SUSY algebra, namely 

{Q a ,Qp} = {S a ,S p } = ^H (3.42) 

and 

{Q a ,S p } = {S a ,Q?} = {Q a ,Q^} = {S a ,Q?} = 
{S a , S?} = {Q a , Q p } = {S a , Qp} = {S a , S?} = (3.43) 

In proving the above relationships, we need to use the properties of J: the metric is 
hermitian, J is covariantly constant and the Nijenhuis tensor, Af(J), vanishes. 

3.3 Scattering 

Consider the simplest scattering question - s-wave scattering of one of the scalar par- 
ticles in the low energy regime. This is described by — V 2 / = Ef. The Laplacian was 
given in equation (3.9). For s-wave scattering, / = f(R) and the differential equation 
to be solved is 

~j- 3 d R = ? E f( R ) ( 3 - 44 ) 

Let y 4 = £ 2 E <C 1 and define x = yR. We can then rewrite (3.44) as 



- z d x (^—^d x f(x)) = y 2 f(x) (3.45) 



For x <C 1/y we can treat the RHS of equation (3.45) as a small perturbation. 
Keeping the solution finite at x=y, we obtain a solution as an expansion in y 

1 " + - + o(y 8 ) (3.46) 
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For x ^> y, rewrite (3.45) as 



~d x (x 3 d x f(x)) - y 2 f(x) = -y 4 - 3 d x (-d x f(x)) (3.47) 



X ,J v ' X J \x 

The RHS is again a small perturbation. The solution with the RHS set to zero is the 
asymptotic solution at infinity 

2 J^yx) + aY 1 (yx) 

(the factor (2/y) is for convenience only). We need to obtain the lowest order correction 
due to the RHS, which is — y 6 /24x 2 . The expansion in y is thus 

1 _ 1^ 2 + J_ 4 4 _ ( J_ 6 J_ \ 6 ( 8) _ + (3 49) 

8 y 192 y V9216 24x 2 / y vy ; ny 2 x 2 K J 

Since the region of validity of the two expansions (3.46) and (3.49) in y overlaps for 
x ~ 1, they should match. We need to cancel the x~ 2 terms in expansion (3.49), and 
thus 

iry 8 tt^E 2 

a = = 

96 96 

3.4 The 5*0(5) symmetry and two-particle states 



(3.50) 



The tensor multiplet on the M5-brane contains 5 real scalars with an SO (5) symmetry. 
This symmetry should somehow be visible in the M(atrix)-model we have just con- 
structed. In this section we will find the SO (5) symmetry which commutes with the 
Hamiltonian and construct a real five-dimentional representation of it. 

The SO(5) symmetry we are looking for contains the SO(3)q symmetry acting 
naturally on the three Kahler forms Q^'s, as well as the SU(2) = SO(3)f symmetry 
acting on the fermionic indices. Since the 5*0(5) symmetry is connected to the scalars, 
it should act non-trivially on the states f\ |), f\ f ) and \x na X m(3 )- Let us see what is the 
action of the 50(3)^ symmetry on the fermion vacuum states. For example, consider 
using f2i + ef2 2 instead of f2i to define the complex coordinates (z\z j ). The required 
change of coordinates is 



dz l -> dz l + eg lJ (Q 2 )- fk dz k dz l -> dz l + eg 11 (tt 2 ) jk dz k (3.51) 

This being just a change of variables, we know how it will act on the fermionic variables 

x ia 

X ia - X ia + eg'H^-fkxl f a - xl + eg^{n 2 ) jkX ka (3.52) 
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The new x's must annihilate the new vacuum, and so we infer that 

1 1) - 1 1) - ic(n 2 )« (x l V + x*Y 2 ) 1 1) 

where 1,2 are concrete fermionic indices. Similarly, we obtain the action on 1 1) 

1 



T) - I T) - ^(n 2 )« (x a x ]1 + x*¥ 2 ) I T) 



which can be rewritten as 

IT)- 

if we define that 



T) - 2 c ( n =0« (x'V 1 + x*Y 2 ) 1 1) 



(3.53) 

(3.54) 

(3.55) 
(3.56) 



We also need 

(n 2 )« (x'V 1 + X*Y 2 ) 1 1) - (n 2 )« (xY + xV) 1 1) + 4e (| |> + | !)) (3.57) 

Repeating this calculation for the change of coordinates generated by using Qi + efi 3 
instead of fii,we obtain that the following three states form a basis for a real three 
dimentional representation of SO(3)n 

1 



v/2 



(IT> + U» 



2V2 



(fx 31 + x l2 x 32 ) 1 1) 



V2 



(II) - IT)) 



(3.58) 



The first and third states are singlets under 5*0(3)/, but the second one is not - it 
is part of a triplet. Filling in the triplet gives us the complete basis for the 50(5) 
representation we were after 

^(IT> + U» 

^(^hixV-x^li) 
^-h)„ (xV + xY)ll) 



<t>° 

J.2 



3 ) 
4 ) 



^(^■(xV + xVOU) 



V2 



(II) - IT)) 



(3.59) 
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By construction the SO (5) transformations must commute with the Hamiltonian. This 
manifests itself in the fact that 

H(Mz,z)\<pj) = (-V 2 /*M)) W) (3.60) 

as can be checked explicitly. All five of the scalars have the same equation of motion. 
We now know which of the 6 two-fermion states \xx) correspond to scalars and which 
to the 3-form field. The later is represented by the singlet states under 50(3)/, namely 
by fij£ap\x ia X' 13 ) where = has three independent components as needed. 

3.5 Relation to the M(atrix)-model 

The calculation that we performed should be compared with the 0(@) 2 scattering in 
the M(atrix)-model of the noncommutative tensor multiplet. We will not perform the 
comparison in detail here [32]. For the scattering of two massless particles, there are 
4 Feynman diagrams that contribute at O(0) 2 . One from the quartic vertex (2.4) and 
the other contributions are from the tree diagrams (the s, t, u channels) with two cubic 
vertices as in (2.3) and an [HH] propagator. 
Let us see what does this all mean for scattering of two scalar particles on the M5- 
brane. Let the fermionic coordinates corresponding to the centre-of-mass coordinates 
be denoted by ip lOL , and those corresponding to the individual particles be A ia = 
{x ia + ip ia )/2 and B ia = (x ia — ip ia )/2. Since for scattering we are only interested in 
asymptotic states, we can assume that everything happens on a flat manifold. Now, 
a state of two identical scalars A and B is just a\4>°) b where we chose a specific 
direction under the SO (5). This can be rewritten in terms of the separated coordinates 
X and (f) 

= \ [| l) A \ 1)b + I T>a| T)b + (I \)a\ \)b + I I)a| T>b)] 

= \ (1 1>*| Ox + I T^l Ox) + E l)^|scalar) x + £ |> |3-form) x (3.61) 
Choosing another-two particle state, we obtain 

|0 4 )a|0 4 )b = ~\ [| 0a| Ob + I T)a| Ob - (I 0a| T)b + I 1)a\ T)b)] 

= -\ (I 0^1 Ox + I O0I Ox) + E l>0|scalar) x + ^ |) |3-form) x (3.62) 
Thus, the scattering matrix for if) 1 -^ 1 — > ip J ip J will have a form 

A {<P A \ B (0 4 | S \4>°)a |0 O )b = -^i + ^2 + ^3 (3.63) 



14 



and that for ip 1 -^ 1 — > ip 1 -^ 1 will be 

A (0 4 | B (f\ S If) A \4>°) B = \<T1 + <T2 + <TS (3.64) 

where 

*i = xU I^U)x = x(T |5| T>x 

(72 = y ( scalar)) S |scalar) x ) 

a 3 = (J2 x( 3 - form l) 5 |3-form) x ) (3.65) 

where we have ignored the (trivial) evolution of the centre-of-mass coordinates. 

The answers are as we would expect: the difference (equal to <7i) between the 
matrix element for ip 1 ^ 1 — > ip 1 ^ 1 and for ip 1 ^ 1 — > ip J ip J arises to the lowest order in 
the effective theory from the extra four-scalar vertex ip 1 ip 1 %p J %p J which is zero for I = J. 
The other two pieces, o-i and 03 will have different momentum behaviour, as can be 
seen in an explicit Feynmann diagram computation. 

It is interesting to see what happens in the approximation of a large impact pa- 
rameter. From the M(atrix)-model we expect a force that behaves as v 2 /r 4 where r is 
the distance between the particles and v is the relative transverse velocity. In the large 
impact parameter approximation, the t-channel dominates. From (2.2) we see that the 
if-propagator behaves as \ when there is no longitudinal momentum transfer. The 
two vertices should contribute a v 2 . 
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A. Scattering in the field theory 

In this appendix we will describe how to calculate the scattering in field theory. Let 
us consider the scattering of two scalars to lowest nontrivial order. There are two 
contributions. One from the 0(@) 2 quartic vertex and one from a tree diagram with 
an i7-field exchanged. Let us consider the amplitude 
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with pi + p 2 = P3 + Pa- 

The amplitude is a sum of s, t, u channels and a quartic vertex: 

A — A t + A u + A s + A q . 

h,P3 h,P4 

h,Ps h,P4 h,P3 h,P4 h,P3 h,P4 

+ /^-^\ + i + 





i 

A, Pi ^2,P2 A, Pi h,P2 h,Pi h,P2 

h,Pi h,P2 

A.l The Feynman rules 

The Feynman rules are as follows. 

py 

--\ = ® m (P2) k] (Pi)i + e l[ii (pi) k] (p2)i 
p\ 

p 

H ijk ~ H lmn = ^VrlVsmVtn (p^^/k] ~ frvfiijk"^) 

The propagator is: 

(H ijk (p)H lmn (-p')) = ?r , VnVsmVtn (p[iP lr tfS^ - 7;P u eijk u[st p r] ) S {6 \p-p') 

+ ^ (eijklmn - ^SjSqyirVmsrht) ^ (P ~ P)- 

The cubic vertex is: 
In terms of p = pi + p 2 and g = pi — p 2 , we can write this as: 

Aj&(p>9) = i4F^/ a e ,[ V ] Pi + i4f^© ,[ V ] « 
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The quartic interaction is: 

+i]p q e Mp e l:)q p lk p2iP3jP4i(5 hl3 s l2h - s h i 2 s l3h ) 
+i]p q e klp & jq p lk p 2 iP3iP4j(5i 1 i 4 5i 2 i 3 - s hh 5 hh ) 

Let us define: 

P = Pi+P2, q = Pi~P2, r = p 3 -p 4 . 

We have: 

2 2 2 n 

p = — q = — r , p ■ q = p ■ r = (J. 
We get A s = A' s 5 Ilh 5 hh with 

K = +\vc f Q abc Q de harmre + \r,cfQ abc Q def Paqmqe 

+ lp 2 VbeVcf& abc & def PaP d - ^r l q l Vbe r lcf e abc e* if q a r d 

+^e abc e def Paq b r c p d q e r f + ^qir l Vcf e abc e dej 'p a q b p d r e . 

(A.l) 

The t-channel is given by the same expression (A.l) with 

P = P3~Pi, q = P3 + Pi, r = p A + p 2 , 
and the u-channel is given by (A.l) with: 

P = p*-Pi, q = PA + Pu r = p 3 +p 2 . 
A. 2 Large impact parameters 

The approximation of large impact parameter corresponds to t ^> s, u. In this case 
the t-channel amplitude dominates. We can Fourier transform to obtain a force that 

2 

behaves, at large distances, like \. The ^/-propagator indeed generates a force that 
behaves as ^ (because it is a harmonic function only in the transverse directions). 
In this approximation with keep only the t-channel and we set: 



Pi = 


(v- 


1 _ 

2 P ' 




P2 = 


(-V 


1 

+ ~2> 




P3 = 


(v + 


1 _ 

2 P ' 




Pi = 


(-V 


1 


R\\ 1 _» 2 1 \ 

9 'T (v + 2 p) '^ } - 
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The notation is: 

Pi = (Pi,Pi-,Pi+), Pi = fi ~ 2pi-p i+ . 
and R\\ is the radius of the light-like direction of M(atrix)-theory. We set: 

P = (P> R\\(v-p), 0), 

4 #|| 

and assume that \p\ <C \v\. 

Following [1, 2, 3], we set the nonzero components of to be Q ah+ = Q ab , with 
a,b — 1 ... 4 and 9 is anti-self-dual on R 4 . We find that the amplitude is proportional 
to: 

32-7T 6tt 
A « -5r^8 ab PaV b de PdVe + -^^Vcfe^PaPd. (A.2) 

After a Fourier transform with respect to p, this indeed produces a force that is pro- 
portional to f 2 /r 4 . 
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